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Abstract 

The aim of this paper is to announce the results on irreducible nonclassical type 
representations of the nonstandard g-deformations U q (so n ), U q (iso n ) and U' q (so nt i) of 
the universal enveloping algebras of the Lie algebras so(n, C), iso n and so n) i when 
q is a real number (the algebra U q (so n ^) is a real form of the algebra U q (so n+ i)). 
These representations are characterized by the properties that they are singular at 
the point q = 1. 



1. Introduction 

Quantum orthogonal groups, quantum Lorentz group and their corresponding quantum 
algebras are of special interest for modern physics [1-3]. M. Jimbo [4] and V. Drinfeld 
[5] defined q- deformations (quantum algebras) U q (g) for all simple complex Lie algebras g 
by means of Cartan subalgebras and root subspaces (see also [6]). Reshetikhin, Takhta- 
jan and Faddeev [7] defined quantum algebras U q (g) in terms of the universal i?-matrix. 
However, these approaches do not give a satisfactory presentation of the quantum alge- 
bra U q (so(n, C)) from a viewpoint of some problems in quantum physics and represen- 
tation theory. When considering representations of the quantum groups SO q {n + 1) and 
SO q (n, 1) we are interested in reducing them onto the quantum subgroup SO q {n). This 
reduction would give the analogue of the Gel'fand-Tsetlin basis for these representations. 
However, definitions of quantum algebras mentioned above do not allow the inclusions 
U q (so(n + 1, C)) D U q (so(n, C)) and U q (so n< i) D U q (so n ). To be able to exploit such re- 
ductions we have to consider g-deformations of the Lie algebra so(n + 1,C) defined in 
terms of the generators Ik,k-i — -Sfc,£i-i — ^fc-i.fc (where E is is the matrix with elements 
(E is ) rt = 5i r 5 st ) rather than by means of Cartan subalgebras and root elements. To con- 
struct such deformations we have to deform trilinear relations for elements Ik,k-i instead 
of Serre's relations (as in the case of Jimbo's quantum algebras). As a result, we obtain 
the associative algebra which will be denoted as U' q (so(n, C)). 

These g-deformations were first constructed in [8]. They permit one to construct the 
reductions of U' q (so nt i) and L^(so n+ i) onto U' q (so n ). The g-deformed algebra U' q (so(n, C)) 
leads for n = 3 to the g-deformed algebra U' q (so(3, C)) defined by D. Fairlie [9]. The 
cyclically symmetric algebra, similar to Fairlie's one, was also considered somewhat earlier 
by Odesskii [10]. The algebra U' q (so(3, C)) allows us to construct the noncompact quantum 
algebra t/g(so 2 ,i). The algebra U' q (so(4:, C)) is a g-deformation of the Lie algebra so(4, C) 
given by means of usual bilinear commutation relations between the elements Iji, 1 < i < 
j < 4. In the case of the classical Lie algebra so(4, C) one has so(4, C) = so(3, C) +so(3, C), 
while in the case of our g-deformation [7g(so(4, C)) this is not the case. 
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In the classical case, the imbedding SO(n) C SU(n) (and its infinitesimal analogue) is 
of great importance for nuclear physics and in the theory of Riemannian spaces. It is well 
known that in the framework of Drinfeld-Jimbo quantum groups and algebras one cannot 
construct the corresponding imbedding. The algebra U' q (so(n, C)) allows to define such an 
imbedding [11], that is, it is possible to define the imbedding U'(so(n, C)) C U q (s\ n ), where 
U q (s\ n ) is the Drinfeld-Jimbo quantum algebra. 

As a disadvantage of the algebra U q (so(n, C)) we have to mention the difficulties with 
Hopf algebra structure. Nevertheless, U'(so(n, C)) turns out to be a coideal in U q (s\ n ). 

Finite dimensional irreducible representations of the algebra U' q (so(n, C)) were con- 
structed in [8]. The formulas of action of the generators of U' q (so(n,C)) upon the basis 
(which is a g-analogue of the Gel'fand-Tsetlin basis) are given there. A proof of these for- 
mulas and some their corrections were given in [12]. However, finite dimensional irreducible 
representations described in [8] and [12] are representations of the classical type. They are 
g-deformations of the corresponding irreducible representations of the Lie algebra so(n, C), 
that is, at q — > 1 they turn into representations of so(n, C). 

The algebra U q (so(n, C)) has other classes of finite dimensional irreducible represen- 
tations which have no classical analogue. These representations are singular at the limit 
q — > 1. One of the aims of this paper is to describe these representations of U'(so(n, C)). 
Note that the description of these representations for the algebra U' q (so(3, C)) is given in 
[13]. A classification of irreducible ^representations of real forms of the algebra U' q (so(3, C)) 
is given in [14]. 

There exists an algebra, closely related to the algebra U'(so(n, C)), which is a q- 
deformation of the universal enveloping algebra C/(iso n ) of the Lie algebra iso n of the 
Euclidean group ISO{n) (see [15]). It is denoted as C/ g (iso n ). Irreducible representations 
of the classical type of the algebra U q {\so n ) were described in [15]. A proof of the corre- 
sponding formulas was given in [16]. However, the algebra U q {\so n ), q G R, has irreducible 
representations of the nonclassical type. A description of these representations is the sec- 
ond aim of this paper. Note that the description of these representations for i7 g (iso2) is 
given in [17]. A classification of irreducible ^representations of ?7 9 (iso2) is obtained in [18]. 
The last aim of this paper is to describe irreducible representations of nonclassical type of 
the algebra U' q (so ni i) which is a real form of the algebra U' q (so(n + 1, C)). Representations 
of the classical type of this algebra are described in [8] and [20]. 

We assume throughout the paper that q is a fixed positive number. Thus, we give 
formulas for representations for these values of q. However, these representations can be 
considered for any values of q not coinciding with a root of unity. For this we have to treat 
appropriately square roots in formulas for representations or to rescale basis vector in such 
a way that formulas for representations would not contain square roots. 

For convenience, we denote the Lie algebra so(n, C) by so n and the algebra U'(so(n, C)) 
by U' q (so n ). 

2. The g-deformed algebras U' q (so n ) and U q (iso n ) 

In our approach [8] to the g-deformation of the algebras U(so n ) we define the g-deformed 
algebras U'(so(n, C)) as the associate algebra (with a unit) generated by the elements i^-i, 
i = 2, 3, n satisfying the defining relations 

h,i-ih-i,i-2 ~ (<? + Q l )h-\,i-2h,i-ih-i,i-2 + ^-1,1-2-^,1-1 = (1) 
Ii,i-ih-i,i-2 - (g + g X )Ii,i-\Ii-\,i-2li,i-\ + 1 "1-1,1-2^-1 = --fi-i,i-2, (2) 
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= 0, \i-j\>l, (3) 

where [.,.] denotes usual commutator. Obviously, in the limit q — > 1 formulas (l)-(3) give 
the relations 

Ii,i-lIi-l,i-2 ~ ^h-l,i-2li,i-\Ii-l,i-2 + ^i-l,i-2^i,i-l = ~h,i-li 
Ii,i-lh-l,i-2 — ^h,i-lU-l,i-2h,i-l + -^-1,1-2-^-1 = _ h-l,i-2, 

[Ii,i-i, Ijj-i] = 0, |i-j'|>l, 

defining the universal enveloping algebra U(so n ). Note also that relations (1) and (2) 
principally differ from the g-deformed Serre relations in the approach of Jimbo [4] and 
Drinfeld [5] to quantum orthogonal algebras by a presence of nonzero right hand side and 
by possibility of the reduction 

U' q (so n )DU' q (so n ^)D---DU' q (so 3 ). 

Recall that in the standard Jimbo-Drinfeld approach to the definition of quantum algebras, 
the algebras U q (so 2m ) and the algebras £/ 9 (so 2m+ i) are distinct series of quantum algebras 
which are constructed independently of each other. 

Various real forms of the algebras U' q (so n ) are obtained by imposing corresponding *- 
structures (antilinear antiautomorphisms). The compact real form U' q (so(n)) is defined by 
the *-structure 

= ~ ^i,i-l> * = 2, 3, n. 

The noncompact g-deformed algebras U' q (so Ptr ) where r = n — p are singled out respectively 
by means of the *-structures 

Among the noncompact real g-algebras U q (so Pjr ), the algebras U' q (so n ^i t i) (a g-analogue of 
the Lorentz algebras) are of special interest. 

We also define the algebra U q (iso n ) which is a nonstandard deformation of the universal 
enveloping algebra of the Lie algebra iso„ of the Euclidean Lie group ISO(n). It is the 
associative algebra (with a unit) generated by the elements I21, I32, ■ • • , I n ,n-i, T n such that 
the elements I21, I32, • • • , I n ,n-\ satisfy the defining relations of the subalgebra U q {so n ) and 
the additional defining relations are 

^n,n—l^n (.Q Q )-^n,n— \^n^n,n— 1 +~ -^n-^n,n— 1 ^ni 

{q + q )T n / n>n _iT n + I n , n -iT n = 0, 

[Ik,k-i,T n ] = Ik,k-iT n — T r Jk,k-i = if k < n 

(see [15]). If q — 1, then these relations define the classical algebra C/(iso n ). 

Let us note that the defining relations for U q {\so n ) can be expressed by bilinear relations 
[16]. As an example, we consider the algebra U q {\so 2 ) (see [16] and [18]). This algebra is 
generated by the elements I21 and T 2 . Setting Ti = [/ 2 i,T 2 ] 9 = g 1//2 / 2 iT 2 — g _1/,2 T 2 / 2 i, we 
obtain from the two defining relations the bilinear relations 

[hi,T 2 \ q = T u [T ± , I 2 i] q — T 2 , [T 2 ,7\], = 
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which are also defining relations for U q (iso 2 ). Note that the elements Ti and T 2 corre- 
sponding to infinitesimal generators of shifts in the Lie algebra iso2 do not commute (they 
g-commute, that is, q^l 2 T 2 T\ — q~ x l 2 T{F 2 = 0). A similar picture we have for the algebra 
U q (iao n ). 

3. Finite dimensional classical type representations of U' q (so n ) 

In this section we describe (in the framework of a g-analogue of Gel'fand-Tsetlin for- 
malism) irreducible finite dimensional representations of the algebras U' q (so n ), n > 3, which 
are g-deformations of the finite dimensional irreducible representations of the Lie algebra 
so n . They are given by sets m n consisting of {n/2} numbers mi in ,m 2i „, TO{ n /2}, n (here 
{n/2} denotes integral part of n/2) which are all integral or all half-integral and satisfy the 
dominance conditions 

"ii,2p+i > m 2j 2 P+ i > ... > m Pi 2 P+ i > 0, (4) 
m 1:2p > m 2 ,2 P > ••• > rn P -i,2 P > \m p>2p \ (5) 

for n = 2p + 1 and n = 2p, respectively. These representations are denoted by T mn . For 
a basis in a representation space we take the (/-analogue of Gel'fand-Tsetlin basis which is 
obtained by successive reduction of the representation T mn to the subalgebras U'(so n -i), 
U q (so n - 2 ), • • •, U' q (so 3 )i U' q (so 2 ) := U(so 2 ). As in the classical case, its elements are labelled 
by Gel'fand-Tsetlin tableaux 



m n _i 



{m n , £ n _i} = {m n , m n _i, £„_ 2 }, (6) 

m 2 

where the components of m n and m n _! satisfy the "betweenness" conditions 

m 1>2 p+i > mi,2 ? > rn 2 ^ 2p+1 > m 2)2p > ... > m P)2p+1 > m P)2p > -m Pt2p+1 , (7) 

m lt2 p > m lj2p -i > m 2y2p > m 2t 2 P -i > ••• > rn p -i,2 P -i > \m P)2p \. (8) 

The basis element defined by tableau {£ n } is denoted as |{£ n }) or simply as |£ n ). 
It is convenient to introduce the so-called /-coordinates 

Zj )2p +i = m j:2p+1 +p-j + l, Zj )2p = m j:2p +p-j, (9) 

for the numbers m^. In particular, = 777,1,3 + 1 an d h, 2 = vn,\^ 2 . The operator 
T m „(h P +i,2 P ) of the representation T mn of U' q (so n ) acts upon Gel'fand-Tsetlin basis ele- 
ments, labelled by (6), by the formula 

T m „ ( w)i« = ± -^_ mtl) _ ± _M«^| K „ )S> (10) 

and the operator T mn (I 2pt 2 P -i) of the representation T mn acts as 

P- 1 ff 2 1 (^ n ) + - 

Tin^-^p^p-OI&i) = X! 777? ~ 7777 7l(^n)2p J -l) 

j=i L^'j,2p-i - J-JL'^p-iJ 

- £ 1 (U + i C2p _ l(en) | U . (ii) 
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In these formulas, (£ n )^ means the tableau (6) in which j-th component rrijj, in is 
replaced by m 3 ^ ± 1. The coefficients A J 2p , -B 2p _i, C 2 p-i in (10) and (11) are given by the 
expressions 



£j ^ ^ _ / nf=l[^,2p+l + lj,2p][k,2p+l — lj,2p — 1] Iir=l[^,2p-1 + lj,2p][k,2p-l ~ lj,2p ~ 1] 
\ Ili^j &,2p + (?,2p] &,2p - lj,2p] [k,2p + lj,2p + 1] [k,2p ~ lj,2p ~ 1] 

and 

]li=l[^,2p + lj,2p-l][h,2p — lj,2p-l] nf=l [k,2p-2 + lj,2p-l][h,2p-2 ~ (?,2p-l 



^p-l(£n) 



]X P i^][h,2p-l+lj,2p-l\[h,2p-l— lj,2p-l][h,2p-l+lj,2p-l — ^\[h,2p-\— ^,2p-l _ 1] 



IIs=l [^,2p] IIs=l [^s,2p-2 

ris=i[^,2p-i][^,2p-i - 1] 

where numbers in square brackets mean g-numbers defined by 



1/2 
I ■ 

(12) 

1/2 

(13) 



n (c n lls=U ( 's,2pJ ll s =lL's,2p-2J 



q a _ q a 

[a] : = — . 

9-9 



In particular, 



T m „(/ 3 ,2)|Q = ri , a+g - mi , a (([*i,3 + ™i*,3 - m 1>2 - l]) 1/2 |(a) 2 +1 )- 

-([/i,s + mi,2 - l][/i,3 - mij^lfe)^), 

r m „(/ 2 ,i)IO = i["ii >2 ]|0, 

It is seen from (9) that C 2p _i in (14) identically vanishes if m P)2p = l P< 2p = 0. 
A proof of the fact that formulas (10)-(14) indeed determine a representation of U' q (so n ) 
is given in [12]. 

4. Finite dimensional nonclassical type representations of U' q (so n ) 

The representations of the previous section are called representations of the classical 
type, since under the limit q — > 1 the operators T mn (Ijj_i) turn into the corresponding 
operators T mn (7j )J _ 1 ) for irreducible finite dimensional representations with highest weights 
m n of the Lie algebra so n . 

The algebra U q (so n ) also has irreducible finite dimensional representations T of non- 
classical type, that is, such that the operators T(/ ?J _ 1 ) have no classical limit q — > 1. They 
are given by sets e := (e 2 ,£3, • • • , e n ), e« = ±1, and by sets m n consisting of {n/2} half- 
integral numbers mi : „, m 2i „, • • • , m{ n / 2 } >n (here {n/2} denotes integral part of n/2) that 
satisfy the dominance conditions 

mi,2 P +i > ni 2 ,2 P +i > ••• > m P)2p+ i > 1/2, (15) 

nii, 2 p > m 2i2p > ... > m p _i i2p > m Pi2p > 1/2 (16) 
for n = 2p + 1 and n = 2p, respectively. These representations are denoted by T e ^ mn . 
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For a basis in the representation space we use the analogue of the basis of the previous 
section. Its elements are labelled by tableaux 



= { mn 1 } = {m n ,^ n _i} = {m n ,m n _i,£„_ 2 }, (17) 
m 2 

where the components of m„ and m n _! satisfy the "betweenness" conditions 

m^p+i > m lj2p > m 2 , 2 p+i > m 2:2p > ••• > m P:2p+1 > m Pi2p > 1/2, (18) 

m li2p > m x , 2v -\ > m 2)2p > m 2i2p _i > ... > m p _i )2p _i > m P)2p . (19) 

The basis element defined by tableau {£„} is denoted as |£ n ). 

As in the previous section, it is convenient to introduce the /-coordinates 

lj, 2p +i = m jj2p+1 +p-j + l, l jt2p = m jj2p +p-j. (20) 

The operator T^ mn (I 2p +i, 2p ) of the representation T e uln of U q (so n ) acts upon our basis 
elements, labelled by (17), by the formulas 

T e)mn (I 2p+ ^ 2p )\i n ) = S mp2pjl/2 /2 2 ^ + y_ 1/2 D 2p (£ n )\£ n ) + 

+ 1 r4^k KOg) - 1 f 2 Mn) ll KOg), (2i) 

~^ qh,2p — q h,2p K y-\ Q — Q 

where the summation in the last sum must be from 1 to p — 1 if m P)2p = 1/2, and the 
operator T mn (/ 2pi2p _i) of the representation T mn acts as 

T e ,m n (hp,2p-l)\C,n) = X! TTTi P iir; l - I Hn) 2 p-l ) ~ 

j=l l Zl j,2p-l ~ i Jl < j,2p-lJ + 

~ JKj ^ 1 ^U >2P ~ 11 K£")2p-l) + e 2pCV-l(£n)|£n), 

,=1 l^j,2p-l - J-Jh',2p-1 - 1J + 



(22) 



where 



r i g° + g 

N+ = — • 



In these formulas, (^ n )fc J means the tableau (17) in which j-th component in is 
replaced by rrij^ ± 1- Matrix elements A 2p and B 2p _ 1 are given by the same formulas as in 
(10) and (11) (that is, by the formulas (12) and (13)) and 



n|=l [h,2p}+ ]ls=l [h,2p-2] 

ris=i[^,2p-i]+[^,2p-i — 1]- 



^2 P -HUJ - p-lr, — — ■ W 



nf= i[^,2p+i ~ |] nf=i[^,2p-i — |] 
nf=i [/i,2p + 1] [/i,2p - \ ] 



n / t x lli=iL"i,2p+l 2 j lli=i L%2p-1 2 j , 

JJ2p{U) ttp-iti — rTm n • 
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For the operators T^ mn (I^ 2 ) and T e>mn (J 2) i) we have 

T t , mn {hMn) = — ^ g _ mia (([*i,3 + mx^pLs ~ mi,2 - l]) 1/2 \(U, 



([k,3 + m 1 , 2 -l][l lt3 -m lt2 }y/^n)2 1 )) 



if 7711,2 7^ §, 



T e , m „(/ 3 , 2 )|U = gl/2 _ g - 1/2 (^i,3 - l/2]|(e„)> + ([/i,3 + l/2][^,3 - S^D^K^+i)) 
if mi )2 = |, and 

T £ , mn (l2Mn)^e 2 [ mi , 2 } + \Cn). 

The fact that the above operators T ejian (I ktk _i) satisfy the defining relations (l)-(3) 
of the algebra U'(so n ) is proved in the following way. We take the formulas (10)-(14) 
for the classical type representations T mn of U'(so n ) with half- integral and replace 
there every rrij i2p+ i by m J)2p+ i — m/2h, every rrij i2p , j ^ p, by m^ 2p — m/2h and m P)2p by 
^p,2 P — c 2 e& • • • €2pi7r/2/i, where each e 2s is equal to +1 or —1 and h is defined by g = e A . 
Repeating almost word by word the reasoning of the paper [12], we prove that the operators 
given by formulas (10)-(14) satisfy the defining relations (l)-(3) of the algebra U' (so n ) after 
this replacement. Therefore, these operators determine a representation of U'(so n ). We 
denote this representation by T' mn . After a simple rescaling, the operators (I^k-i) take 
the form 

rpl (j \\t \ _ ST ^2p(£n) Uc x+n A 2pi.i.in)2p) Uc x-n 

Jm„U2p+i,2 P JIU - 2_, ^ _ ^;KU2p ) - ^. 2p _ 9 _,. i2p K4nJ 2p 

^m„(^2p,2p-l)|£n) = X! To; ? TTTl f" I i^^p-l) ~~ 

J= l L^'j,2p-1 - -LJKj,2p-lJ + 

_ 7777 ^ ^ifr ^ -.1 l(Cn)2p-l) + e2pC 2 p-l(£n)|£n), 

i= l ^<j,2p-l - J-JL f j,2p-l - -LJ + 

where AL, B 2 i p _ 1 and (7 2 p_i are such as in the formulas (21) and (22). The representations 
T' mn are reducible. We decompose these representations into subrepresentations in the 
following way. We fixp (p = 1, 2, • • • , {(n — l)/2}) and decompose the space H of the 
representation 7^ into direct sum of two subspaces Ti €2p+1 , e 2p +i = ±1, spanned by the 
basis vectors 

respectively, where \£' n ) is obtained from |£ n ) by replacement of m Pj2p by —m Pt2p . A direct 
verification shows that two subspaces H. e2p+1 are invariant with respect to all the operators 
T4 ln (/fc,fc-i)- Now we take the subspaces H e2p+1 and repeat the same procedure for some s, 
s 7^ p, and decompose each of these subspaces into two invariant subspaces. Continuing this 
procedure further we decompose the representation space Ti into a direct sum 
invariant subspaces. The operators (Ik,k-i) ac t upon these subspaces by the formulas 
(21) and (22). We denote the corresponding subrepresentations on these subspaces by T £j m n . 
The above reasoning shows that the operators T^ mn {Ik^-i) satisfy the defining relations 
(l)-(3) of the algebra U' g (so n ). 
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Theorem 1. The representations T t mn are irreducible. The representations T e mn and 
T e ',m' n are pairwise nonequivalent for (e, m n ) ^ (e',m' n ). For any admissable (e, m n ) and 
m' n the representations T e ^ mn and T m / n are pairwise nonequivalent. 

The algebra U' q (so n ) has non-trivial one-dimensional representations. They are special 
cases of the representations of the nonclassical type. They are described as follows. 

Let e := (e 2 , e 3 , • • • , e„), a = ±1, and let m n = {m hn , m 2 , n , • • • , m {n / 2 }, n ) = (5, §, • • • , 5). 
Then the corresponding representations T ejmn are one-dimensional and are given by the 
formulas e 

^e,m n (-ffc+l,A:)l£n) = ^1/2 _ g-1/2 ' 

Thus, to every e := (e 2 , e 3 , • • • , e n ), = ±1, there corresponds a one-dimensional represen- 
tation of U'(so n ). 

5. Definition of representations of U q (so nj i) and C/ ? (iso n ) 

Let us recall that we assume that q is a positive number. We give the following definition 
of infinite dimensional representations of the algebras U' q (so nt i) and U q (iso n ) (we denote 
these algebras by A). It is a homomorphism R : A — > C(7i) of „4 to the space £(H) of 
linear operators (bounded or unbounded) on a Hilbert space 7i such that 

(a) operators R(a), a G A, are defined on an invariant everywhere dense subspace 
VcH; 

(b) R I U q (so n ) decomposes into a direct sum of irreducible finite dimensional repre- 
sentations of U' q (so n ) (with finite multiplicities if R is irreducible); 

(c) subspaces of irreducible representations of U' q (so n ) belong to V. 

Two infinite dimensional irreducible representations R and R! of A on spaces TC and 
7i', respectively, are called (algebraically) equivalent if there exists an everywhere dense 
invariant subspaces V (I'D and V C T>' and a one-to-one linear operator A : V — > V such 
that AR(a)v = R'(a)Av for all a £ A and v G V. 

Remark that our definition of infinite dimensional representations of U q (so n> i) and 
U q (iso n ) corresponds to the definition of Harish-Chandra modules for the pairs (so„ 5 i,so n ) 
and (iso n ,so n ), respectively. Thus, modules determined by representations of the above 
definition can be called g-Harish-Chandra modules of the pairs (U q (so n> i), U'(so n )) and 
(U q (iso n ), U' q (so n )), respectively. 

6. Classical type representations of U q (iso n ) 

There are the following classes of irreducible representations of U q (iso n ): 

(a) Finite dimensional irreducible representations R of U' q (so n ). They are irreducible 
representations of U q (iso n ) with R(T n ) = 0. 

(b) Infinite dimensional irreducible representations of the classical type. 

(c) Infinite dimensional irreducible representations of the nonclassical type. 

Let us describe representations of class (b). They are given by non-zero complex pa- 
rameter A and by numbers m = (m 2 , n +i, m 3)n+2 , • ' • , m {(n+i)/2},n+i) describing irreducible 
representations of the classical type of the subalgebra L^(so n _i) (see [15] and [16]). We 
denote the corresponding representations of U q (iso n ) by -Rahi- 

In order to describe the space of the representation R\ m we note that 

R\ m I U' q (so n ) = m ^ T mn , m n = (mi,„, • • • , m {n/2 }, n ), (26) 
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where the summation is over all irreducible representations T mn of U'(so n ) which contain 
the irreducible representation of U' q (so n -i) given by the numbers m, that is, such that 

m ltn > m 2 ,n+l ,n+l 

The carrier space 7i m of the representation R\ m decomposes as 7i m = mn 7i mn , where 
the summation is such as in (26) and Ti, mn are the subspaces, where the representations 
T mn of U' q (so n ) are realized. We choose the Gel'fand-Tsetlin basis in every subspace H mn . 
The set of all these Gel'fand-Tsetlin bases gives a basis of the space H m . We denote the 
basis elements by |m n , M), where M are the corresponding Gel'fand-Tsetlin tableaux. The 
numbers from |m n , M) determine the numbers Uj as in section 3. The numbers mj )n+ i 
determine the numbers 

k,2k+i = m,2k+i + k - i + 1, n = 2k, l iy2 k = rn^ 2k + k - i, n = 2k - 1. 

The operators R\ m {Ii,i-i) are given by formulas of the classical type representations of the 
algebra L^(so n ) given in section 3. For the operators R\ m (T2k) and R\ m (T2k-i) we have 
the expressions 



-j <•/•••••' + <i '■■ 

3 =l [2ij,2fc-l - l][ij,2fc-l] 



+A E r 9/ ^ ii K-i. M ) + AC-a-xCm^.!, M)|m 2fe _ 1; M), (28) 

where means the set of numbers m r with m^ T replaced by m^ T ± 1, respectively, the 
coefficients are given by 

A3 ( m M \ f ^i=2[k2k+l + lj,2k][k,2k+l ~ lj,2k ~ 1] 

A 2fe (m 2fc ,iWJ - — =- — — : x 

\ lli^j[H,2k + l-j,2k\[H,2k — lj,2k\ 

Tli=l[h,2k-1 + lj,2k][k,2k-l — lj,2k — 1] \ ^ 
Ui^j[k,2k + lj,2k + l][^,2fe — (?,2jfc — 1] / 

Bj ( m M \ ( rij=2 [U,2k + ^2fc-l] fc,2fc ~ lj,2k-l] 
%-l( m 2H,Mj - =- — rj- |X 

\lli^j[H,2k-l ~r *j,2fc— lj L**,2fc— 1 — '.j',2fc-lj 

n t= Tl 1 [^,2fc-2 + ^,2fc-l][^,2fc-2 - ^,2fc-l] \ / 
rij^j[^,2fe-l + lj,2k-l — l][^,2fe-l — lj,2k-l — 1]/ 

^ / B/f \ _ IIs=2[^,2fc] IIs=l[^,2fc-2] 

G 2fc-llMJ - ^T77 777 7T- 

Hs=lL's,2fc-lJL's,2fc-l — J- J 

These formulas were given in [16] (see also [15]). 



9 



The representations R\ m , A 7^ 0, are irreducible. The representations R\ m and 
are equivalent if and only if m = m' and A = ±/i. The operator R\ m (T n ) is bounded. 

7. Nonclassical type representations of U q (iso n ) 

Now we describe irreducible representations of nonclassical type (that is, representa- 
tions R for which there exists no limit q — > 1 for the operators R(T n ) and R(Ii^-i)). 
These representations are given by e := (e 2 , €3, ■ ■ ■ , e n+ i), non-zero complex parameter 
A and by numbers m = (m 2 , n +i, m 3jn+2 , • • • , ra{( n +i)/2},n+i), m 2 , n +i > m 3 , n+2 > > 
m{( n+1 )/ 2 } n+1 > 1/2, describing irreducible representations of the nonclassical type of 
the subalgebra U' q (so n ^i) (see section 4). We denote the corresponding representations 
of U q (iso n ) by R e 

In order to describe the space of the representation -R £i A, m we note that 

Re,x,m 1 U' q (so n ) = 0T f / mn , m n = (mi,„, • • • ,m {n / 2} , n ), (29) 

where e' = (e 2 , •••,€„) is the part of the set e, the summation is over all irreducible non- 
classical type representations T e ' >mn of U q (so n ) for which the components of m n satisfy the 
"betweenness" conditions 

m 1>2k+1 > m 1:2k > m 2t 2k+i > m 2:2k > ••• > m k>2k+1 > m k>2k > 1/2 if n = 2k, 

m 1)2k > TOi ;2fe _i > m 2)2k > m 2j2fc _i > ... > m fc _i j2fe _i > m k>2k if n = 2k - 1. 

The carrier space 7i £im of the representation -R £i A, m decomposes as H et m = mn 7~4',m n , 
where the summation is such as in (29) and H e ' tm „ are the subspaces, where the repre- 
sentations T e / jmn of U q (so n ) are realized. We choose a basis in every subspace H e >, mn as 
in section 4. The set of all these bases gives a basis of the space H etYn . We denote the 
basis elements by |m n ,M), where M are the corresponding tableaux. The numbers m^- 
from |m n , M) determine the numbers Uj as in section 3. The numbers m^+i determine 
the numbers l^ n+ \ as in section 6. The operators -R e ,A,m(^,i-i) are given by formulas of the 
nonclassical type representations of the algebra U' q (so n ) from section 4. For the operators 
Re,x, m (T 2k ) and R e ,\,m(T 2k -i) we have the expressions 

j=l [ Zl j,2k-1 - J-JL < J,2fc-lJ + 

fe-i I'm - -' /Ifl 

+ A E ro/ 2fc " ^rT 8 " 1 ' 11 ' m ^' M > + icaACafc-xCm*.!, M)|m 2fe _i, M), 

^,A,m(T 2fe )|m 2fc , M) = iA<5 mp2pi i /2 1/2 e ^ 1 _ 1/2 -P2fc|m2fc, Af) + 



where the summation in the last sum must be from 1 to k — 1 if m k;2k = 1/2, and A J 2k , 
B 2 k-i are sucn as i n (27) and (28), and 

C 2k -i{M) = —j—T 



n s =i[^,2fc-i]+[^,2fe-i — i]- 
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n _ Ui= 2 [k,2k+1 - \] rii=l[^,2fc-l - \] , x 

lli=l [H,2k + 2 \[H,2k - 2 J 

Theorem 2. The representations -R £i A, m irreducible. The representations R e ^ m and 
Re',y,m' ar e equivalent if and only ife = e',m = m' and A = ±A'. The operators R e ,\,m(T n ) 
are bounded. The representation R 6t \ jm is equivalent to no of the representations R\^ m > of 
section 6. 

8. Classical type representations of U' q {so n ^) 

Let us describe the principal series representations of the algebra U' q (so nt i). They are 
given by a complex parameter c and by numbers m = (m 2i „ + i, m 3 n+1 , • • • , TO{( n+ i)/ 2 } )n+ i) 
describing irreducible representations of the classical type of the subalgebra ?7'(so Tt _i) (see 
[8] and [20]). We denote the corresponding representations of f/ g (so ni i) by R c , m - 

In order to describe the space of the representation R c , m we note that 

R c , m I U' q (so n ) = m ^ T mn , m n = (m hn , • • • , m {n/2}jn ), (31) 

where the summation is over all irreducible representations T mn of U' q (so n ) which contain 
the irreducible representation of t/g(so n _x) given by the numbers m, that is, 

mi,„ > m 2 , n +i > m 2 . n > m z , n+l > ■ ■ ■ . 

Thus, the carrier space H m of the representation R c ^ m decomposes as H m = ® mn 7~L mn , 
where the summation is such as in (31) and 7i mn are the subspaces, where the representa- 
tions T mn of U q (so n ) are realized. We choose the Gel'fand-Tsetlin basis in every subspace 

H mn . The set of all these Gel'fand-Tsetlin bases gives a basis of the space H m . We denote 
the basis elements by |m n , M), where M are the corresponding Gel'fand-Tsetlin tableaux. 
The numbers rriij from |m n ,M) determine the numbers Uj as in section 3. The numbers 
m^ n+ i determine the numbers 

k,2k+i = m,2k+i + k - i + 1, n = 2k, l it2k = m ij2k + k - i, n = 2k - 1. 

The operators R c ,m{Ii+i,i) , i < n, are given by formulas of representations of the algebra 
U' q (so n ) given in section 3. For the action of the operators R c ,m(hk+i,2k) and R c ,m{h k ,2 k -i) 
we have the expressions 

R c , m (hk + i,2k)\m 2k , M) = E([c + l h2k }[c - l h2k - l]) 1/2 j^ ( ^:^ lma, M 2k )- 

- E([c + lm - l][c - ^l) 1/a ff°^.W , M), (32) 
Rc,A.2 t -^2 t -nM) = £([c + l^[c - l^-W f "- l(m2t -)' M) j |mS_„M)- 



2^ U c + « j,2fc-l - tj [C - /j )2 fc-l + 1J ) 717/ 77 



+i[c]C' 2fc _i(m 2fc _ 1 , M)|m 2fc _ 1 , M), (33) 
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where A 3 2k (m 2k , M), B 3 2k _ 1 {ra 2 k-i, M) and C 2k -i(m 2 k-i, M) are such as in (27) and (28). 
These formulas were given in [20] (see also [8]). 

Theorem 2. The representation R C)m of U' q (so 2kt i) is irreducible if and only if c is not 
integer (resp. half-integer) if lj t 2k+i> j — 2,3, ■■■,k, are integers (resp. half-integers) or 
one of the numbers c, 1 — c coincides with one of the numbers Ij^k+i, j — 2, 3, • • • , k. The 
representation R c , m of U'(so2k-i,i) is irreducible if and only if c is not integer (resp. half- 
integer) if lj t 2k, j = 2, 3, • • • , k, are integers (resp. half-integers) or \c\ coincides with one 
of the numbers lj >2k , J 1 — 2, 3, • • • , k, or \c\ < \l k ^ 2k \. 

The reducible representations R c , m can be analysed as in the case of the principal 
nonunitary series of the algebra so nj i (see, for example, [19]). It will be made in a separate 
paper. 

9. Nonclassical type representations of U'(so n > i) 

Now we describe irreducible representations of nonclassical type (that is, representa- 
tions R for which there exists no limit q — > 1 for the operators R(Ii^i)). These repre- 
sentations are given by e := (e 2 , 63, • • • , e n+ i), by a complex parameter c and by numbers 
m = (ra 2 , n +i,m 3jn+ i, • • •, m{( n+ i)/ 2 }, n+ i), m 2 , n +i > ™3,n+2 > • • • > m^ n+ i)/ 2 }, n +i > 1/2, 
describing irreducible representations of the nonclassical type of the subalgebra U' q (so n -i) 
(see section 4). We denote the corresponding representations of U q (so nt i) by R e , c ,m- 

In order to describe the space of the representation R e ^ m we note that 

#e,A,m I U' q (so n ) =0T f>n , m n = (m hn , • • • ,m {n/2} , n ), (34) 

where e' = (e 2 ,---,e n ), the summation is over all irreducible nonclassical type represen- 
tations T e i mn of the subalgebra U' q {so n ) for which the components of m n satisfy the "be- 
tweenness" conditions 

mi,2t+i > m lj2 k > m 2)2k+1 > m 2y2k > ... > m k)2k+1 > m k)2k > 1/2 if n = 2k (35) 

m h 2k > m 1;2k -i > m 2t2k > m 2j2fc _i > ... > m fe _i j2fe _i > m K2k if n = 2k-l. (36) 

The carrier space H e ,m of the representation R e , c ,m decomposes as H ttm = mn 7~4,m n , 
where the summation is such as in (34) and 'H e ',m n are the subspaces, where the represen- 
tations T e / >mn of U' q (so n ) are realized. We choose the basis in every subspace H e ,m n as in 

section 4. The set of all these bases gives a basis of the space 7i £im . We denote the basis 
elements by |m n ,M), where M are the corresponding tableaux. The numbers from 
|m n ,M) determine the numbers as in section 3. The numbers m itn+ i determine the 
numbers U >n+ i as in section 8. The operators R e , c ,m(Ii,i-i), i < n, are given by formulas 
of the nonclassical type representations of the algebra U' q (so n ) given in section 4. For the 
operators R e ,c,m(hk+i,2k) if n = 2/c and -R e ,c,mC?2fc,2fc-i) if n = 2k — 1 we have the expressions 

Re,c,Tn{hk,2k-l)\ m 2k-l, M) = 

-VW + / ]\ r 1 BJ 2k-l( m 2k-l, M) , ■ 

j=l V'H,2k-\ - J-JL'j,2fe-lJ + 

- E([c + h2k-, + l][c - Z i>2fc + l]) 1/2 [0/ ^-l^- 1 '^^ K7-i, M) + 



[2Zj,2fc-l - l][^,2fc-l - 1] + 
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+e2fc[c]+C , 2 fe _i(m 2fc _i, M)|m 2fc _i, M), 
Re,c, m (hk+i,2k)\m 2 k, M) = 5 mk 2k)1/2 [c - 1/2] ^^ZT/2 D ^( m 2k, M)|m 2fc , M) + 



+ E([C + k2k] [C ~ l h 2k ~ My ^^Zl ^ ^ 



q l j,2k — g l j,2k 



- E([c + U - 1] [c - ^]) 1/2 ±[ m ^ |m^, M), 



j'=i 



g l j,2k — g 'j,2fc 



where the summation in the last sum must be from 1 to k — 1 if m^k = 1/2; and A J 2k , 
Blk-i are sucn as m (27) and (28), and 

Ila=2[^,2fc]+ ]ls=l[^,2fc-2 



<^2fc-l( 1 ^2fe-l, J 

D 2k (m 2 k,M) = 



ris=i[^,2fe-i]+[^,2fe-i - 1]+ 
u.i= 2 [h,2k+i - \] n?=i 1 [^,2fe-i - \] 



nLi [h,2k + \] [k,2k - \\ 

Theorem 3. The representation R ttC ,m of U' q (so2k,i) is irreducible if and only if c is not 
half-integer or one of the numbers c, 1 — c coincides with one of the numbers lj^k+i, j = 
2,3, ■■-,k. The representation R e , c ,m of U' q (so2k-i,i) is irreducible if and only if c is not 
half-integer or \c\ coincides with one of the numbers Ij^k, j — 2, 3, • • • , k, or \c\ < h, 2 k- 

This theorem will be proved in a separate paper. There will be also studied reducible 
representations R ttC ,m- 
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